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We propose a simple model for DNA denaturation bases on the pendulum model of Englander et al. �Proc.
Natl. Acad. Sci. U.S.A. 77, 7222 �1980�� and the microscopic model of Peyrard and Bishop �Phys. Rev. Lett.
62, 2755 �1989��, so-called “combined model.” The main parameters of our model are the coupling constant
k along each strand, the mean stretching y* of the hydrogen bonds, the ratio of the damping constant and driven
force � /F. We show that both the length L of unpaired bases and the velocity v of kinks depend on not only
the coupling constant k but also the temperature T. Our results are in good agreement with previous works.
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I. INTRODUCTION

The structures of DNA molecule has been extensively
studied during the last decade theoretically and experimen-
tally. DNA molecule consists of a pair of molecules, orga-
nized as strands running start-to-end and joined by hydrogen
bonds along their lengths, the diameter of the double
stranded DNA is 2 nm indeed, but the length could be much
longer, usually. The separation of double helix structure of
DNA is an important beginning point in the informatics rep-
lication process of DNA that needs to reproduce the living
matter. Accordingly, the problem of DNA denaturation has
been the subject of extensive experimental and theoretical
investigation. It is not only of practical interest due to its
significance in biology but also of fundamental interest.

Englander et al. �1� first constructed a theory of a geo-
metrical soliton by carrying the base rotations to the point
that one side of the helix was given an entire extra 360°
twist. This theory is an explanation of the open states of
DNA due to the nonlinear excitations along DNA �2,3,21�.

On the other hand, a simple lattice model �Peyrard-Bishop
�PB� model� for the denaturation of the DNA double helix
was proposed by Peyrard and co-workers �4–6�, and more
advances are discussed in �7–11�. They introduced the Morse
interaction potential that depends on the transverse stretching
of the hydrogen bonds between the complementary base
pairs. These models could be used to explain the experimen-
tal observations on biological phenomena of DNA �see Refs.
�12,13��. However, recently it was argued �14–18� that ther-
modynamic characterization of the thermal fluctuations may
differ from a dynamical characterization, which points to the
need for a thorough understanding of the dynamical effects
in this highly nonlinear and cooperative material.

Note that, in the Englander model, the strands of a double
helix are modeled as two chains of pendula �the bases�, in
which one of the strands is dynamic, while the other strand is
fixed. By using the continuum approximation, the relative
motion of the chain has been described by the sine-Gordon
equation for a single pendulum in the gravitational potential.
In the Peyrard-Bishop model, only the out-off-phase dis-

placements stretch the hydrogen bonds. In the continuum
limit approximation and thermodynamic limit, the out-off-
phase motion of the bases is described by an equation which
is formally identical to the Schrödinger equation for a par-
ticle in the Morse potential. Therefore the two above models
started from the slightly similar two-line simple caricatures
of DNA �see Figs. 1 and 2� describing physical processes
which derivate from the same stretching of hydrogen bonds
and motions of the similar bases, then both were reformu-
lated to one-dimensional motions in some effective poten-
tials with slightly similar equations. So it is possible to com-
bine the models.

In this paper we propose a simple model for DNA dena-
turation based on the combination of the two above simple
models of the DNA, i.e., Englander �E� and Peyrard-Bishop
�PB� models. By using this combined model �EPB model�,
we study the temperature dependence behaviors of the non-
linear excitations in DNA.
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FIG. 1. Sketch of the Englender model �2�. The ground state of
the double helix. �b� Kink soliton in the sine-Gordon model, the
bases of the upper chain twist through 2� over a characteristic
length L �the mean number of open bases� along the line. �c� The
angle �n is the deviation of the upper base of the nth pair with
respect to the plane defined by the fixed base pairs in the lower
strand.
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The paper is organized as follows: Section II gives a brief
review of the Englander model Sec. II A and the Peyrard-
Bishop model Sec. II B. In Sec. III, we suggest the combined
model by extending their works to consider the temperature
dependence of the main parameters of the model. Some ap-
plications are shown in Sec. IV, we investigated the depen-
dence of unpaired bases length and velocity of kinks on the
temperature, coupling constant, and external driven force.
Concluding remarks are given in Sec. V.

II. BACKGROUND

A. Englander pendulum model (E model)

The model of DNA proposed by Englander et al. �1� is
schematically represented in Fig. 1, where the dynamics of
one of the strands of the DNA is represented as a chain of
pendula; leaving the other strand fixed �the one at the bottom
in Figs. 1�a� and 1�b��, the base pairs of the �upper� strand
behave like pendula in a gravitational field caused by the
tendency of the base pairs of the two strands to be facing
each other �see Fig. 1�b��. It must be realized that this model
describes only the dynamics of the base pairs around the
sugar-phosphate backbone, which is assumed to be fixed as
well.

Introducing a damping constant � and an external driven
force F, these pendula are described by the discrete, dc-
driven, damped sine-Gordon model. The Hamiltonian of the
coupled-pendulum system can be written as

HE = �
n
�ml2

2
� ��n

�t
�2

+
k

2
��n − �n−1�2 + mgnl�1 − cos �n�

+ �
��n

�t
+ F�n� , �1�

where m and l is the common mass and length of pendulum,
�n and gn is the rotation angle and the gravitational accelera-
tion of pendulum at site n, respectively. k is the coupling
constant along the strand.

In the mechanical unzipping or denaturation experiments,
one of the DNA strands is attached to a glass bead, which is
pulled by a glass microneedle, while the other strand is at-
tached to a glass plate, which serves as a fixed reference
point. The glass bead is then pulled at constant velocity,
opening or unzipping the double chain by consecutively
breaking the hydrogen bonds of the base pairs, and the force
used to pull it is recorded. In this context, the driven force F
in Eq. �1� represents the action of the pulling on the end of
one strand on the region where unzipping is taking place
�21�. The damping constant � is introduced to fix the force
scale only �3�.

In the case of homopolymer, i.e., gn=g and the pendulum
spacing h in the chain is small, by using the continuum ap-
proximation �n�t�→��x , t�, we obtained the damped sine-
Gordon equation

�t
2� −

k

ml2�x
2� +

g

l
sin � = − �*�t� − F*, �2�

here we use the notations �*=� /ml2 and F*=F /ml2. The
soliton solutions of the kink type could be obtained by solv-
ing this equation.

The physical meaning of a kink solution in the context of
DNA modeling: the bases of the upper chain perform a com-
plete, smooth turnaround of the sugar-phosphate backbone,
from �n=0 to �n=2�. The kink joins a sector of the chain
where bases are closed, �n=0, to another one where bases
have performed a complete turn, �n=2�. The chain is said to
be open in its last part.

B. Peyrard-Bishop microscopic model of DNA (PB model)

With a particular interest in thermal stability, a micro-
scopic model which describes the dynamics of DNA dena-
turation was introduced by Peyrard and Bishop �4�. In Fig. 2
we represent the PB model of DNA, where b* and a* are the
distance between two strands and the spacing between bases
in a strand, respectively. The PB model has successfully re-
produced the essential features of thermally induced denatur-
ation of long DNA chains. This model has been used to
estimate the melting curves of very short heterogeneous
DNA segments, in excellent quantitative agreement with ex-
perimental data �12,13�. It provides the characteristic multi-
step melting of DNA sequence, and has been also used to
investigate the properties of dynamic transport in DNA
chains.

For each base pair, there are two degrees of freedom un
and vn, which correspond to the displacements of the bases
from their equilibrium positions along the direction of the
hydrogen bonds connected to the two bases in a pair. The
potential for hydrogen bonds is approximated by a Morse
potential V�r�=D�exp�−�r�−1�2 with two parameters D and
�. Neglecting the inhomogeneities, using a common mass m
for bases and the same coupling constant k along each strand,
the Hamiltonian for the PB model reads

HPB = �
n
�1

2
m�u̇n

2 + v̇n
2� + V�un − vn� +

1

2
k��un − un−1�2

+ �vn − vn−1�2�� . �3�

The motions of the two strands can be separated in terms of
the variables xn= �un+vn� /�2 and yn= �un−vn� /�2, which
represent the in-phase and out-of-phase motions, respec-
tively. Because only the out-of-phase displacements yn
stretch the hydrogen bonds, the component Hy of Hamil-
tonian �3� with respect to y is taken to be

Hy = �
n
�1

2
mẏn

2 +
k

2
�yn − yn−1�2 + V��2yn�� . �4�
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FIG. 2. Sketch of the PB model.
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As the model is assumed to be homogeneous, the result
does not depend on the particular site n considered. Using
the transfer integral �TI� method, with the continuum limit
approximation and thermodynamic limit �large number of
bases pairs N→��, the main result is dominated by the low-
est eigenvalue, so the mean stretching 	y
 of hydrogen bonds
is given by

	y
 = 	�0�y��y��0�y�
 =� �0
2�y�ydy . �5�

The mean stretching 	y
 is interesting for the study of
DNA denaturation, it increases rapidly around a particular
temperature which is a characteristic of DNA denaturation.
The denaturation temperature is not only sensitive to the pa-
rameters of the hydrogen bonds which bind the two strands,
but also very sensitive to the intrastrand interaction constant.

III. COMBINED MODEL (EPB MODEL)

Comparing the two above models, we see that the En-
glander’s model explains the denaturation of DNA as the
motion of soliton excitations along the chain, while the PB
model has successfully describe the open states of DNA by
separating the relative motion of two strands at the critical
temperature. Therefore, we suggest a combined EPB model
which is based on the E model with including the parameters
of the PB model, i.e., taking into account the stretching y* of
hydrogen bonds

y* =� �0
2�y�ydy , �6�

where the normalized eigenfunction �0�y� is obtained by
solving the Schrödinger equation for a single particle in the
Morse potential

�−
1

2	2k

�2

�y2 + V�2y����y� = 
��y� , �7�

in which 	=1/kBT with kB being Boltzmann’s constant, then
we have

�0�y� = ��2��1/2 �2d�d−1/2

���2d − 1�
exp�− de−�2�y�

�exp�− �d − 1/2��2�y� . �8�

Equation �7� has a discrete spectrum when d= �	 /��
��kD�1/2
1/2. In the case of T�Tm=2�kD /�kB, the states
of the particle are localized, while they are delocalized for
T
Tm. So that the critical temperature Tm is considered as
the melting temperature of DNA. This equation is also for-
mally identical to the Schrödinger equation for a quasiparti-
cle with an effective mass m*,

m* = Am0�Tr

T
�2

, �9�

where m0 is the mass of free electron, and Tr=300 K is room
temperature. The dimensionless parameter A is defined by

A = RH

aH
2 k

�kBTr�2 , �10�

in which RH=13.6 eV and aH=0.053 nm are the Rydberg
constant and Bohr radius of hydrogen atoms, respectively.
Note that A is proportional to the ratio of constructive and
destructive energies of DNA.

Note that, the effective mass depends on the temperature
and the structure constant of a single strand �see Fig. 3�. At
room temperature T=300 K, we found the value of effective
mass m*
22.87m0. We show in Fig. 4 the temperature de-
pendence of the stretching y* of the hydrogen bonds for two
values of k, with D=0.33 eV and �=18 nm−1.

Now, we consider the influence of temperature on the pa-
rameters of the Englander model with the following substi-
tutions: the length and mass of the pendulum l=y* and m
=m*, respectively. g=g* with g* being the effective gravita-
tional acceleration and defined by

g* =
1

m*

�

�y*V�y*� = −
2D�

m* �exp�− 2�y*� − exp�− �y*�� .

�11�

In Fig. 5 we present the ratio g* /g0 as a function of tem-
perature with g0=9.81 m/s2. We see that g* decreases rap-
idly to zero at a critical temperature Tm
335 K, this tem-
perature is the so-called “melting temperature” and is
discussed in the next section.
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FIG. 3. The ratio of m* /m0 as a function of temperature T with
k=0.2 eV/nm2.
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FIG. 4. The stretching y* of hydrogen bonds as a function of
temperature T for two values of k: �dashed curve� k=0.2 eV/nm2

and �dotted curve� k=0.23 eV/nm2.
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It is well known that, in the absence of dissipation and
force �=F=0, Eq. �2� possesses soliton solutions of the kink
type, whose expression is

�±�x,t� = ± 4 arctan�exp� 2h

L
x −� g*

y*
t

�1 − �v*�2 �� , �12�

in which, the plus or minus sign stands for kinks or anti-
kinks, respectively, and 0�v�1 represents their velocity. L
is a length of unpaired bases such that the mean number of
open bases along the chain of the pendula �1� are defined by

L = 2h�k/m*g*y*�1/2. �13�

In the case F=0 and in the presence of damping, ��0,
the only possible value for the velocity is v=0. When both
damping and force are present, the balance between the two
effects leads to kinks propagating at a constant, nonzero ve-
locity. An analytical expression for that velocity can be easily
derived from energy-conservation arguments �see Refs.
�2,19��,

v* = v0�1 +
g*

y*� 4�

�F
�2�−1/2

. �14�

IV. SOME APPLICATIONS

We assume that the spacing of bases in a same strand does
not depend on temperature, because the interaction between
the bases in each strand is stronger than that between two

strands. We choose the spacing h=0.34 nm for all numerical
calculations.

For comparing to the results of the PB model �4�, we used
the following parameters: D=0.33 eV, �=18 nm−1. By using
the numerical calculations, we present in Fig. 6 the tempera-
ture dependence of the kink velocity for three values of cou-
pling constant k=0.2 eV/nm2, k=0.3 eV/nm2, and k
=0.4 eV/nm2. The velocity v=v* /v0 increases with increas-
ing the temperature and more rapidly close to v0=1 at the
melting temperatures Tm
323 K �a�, Tm
395 K �b�, and
Tm
458 K �c�. These results are in excellent agreement with
the results of Ref. �4� where Tm is about 330 K, 400 K, and
460 K for three values of k, respectively. The particular tem-
perature Tm is a characteristic of DNA denaturation, because
the hydrogen bonds between the strands are broken at this
stage.

Figure 7 shows the temperature dependence of the length
L for three values of coupling constant k above. In the same
manner as the kink velocity v, the length L increases rapidly
at the temperature T
Tm, so the mean number of the open
bases is very large, i.e., the base pair is said to be open at the
melting temperature.

One of important parameters of the model is the coupling
constant, as k increases, the denaturation temperature in-
creases. This is consistent with the increase observed experi-
mentally in the presence of reagents that increase the hydro-
phobic interactions �20�. Figures 8 and 9 show that the
values of k must be of the order of 0.23 eV/nm2 to obtain a
reasonable denaturation temperature which are obtained
from the experimental results �12� Tm

e 
330 K to 345 K.
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FIG. 6. Variation of velocity v as a function of temperature T
with � /F=2. �a� k=0.2 eV/nm2, �b� k=0.3 eV/nm2, and �c� k
=0.4 eV/nm2.
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FIG. 5. The ratio g* /g0 as a function of temperature T with k
=0.23 eV/nm2, g0=9.81 m/s2, D=0.33 eV, and �=18 nm−1.
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FIG. 7. Variation of length L as a function of temperature T. �a�
k=0.2 eV/nm2, �b� k=0.3 eV/nm2, and �c� k=0.4 eV/nm2.
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FIG. 8. The dependence of kink velocity on the temperature T
and coupling constant k with � /F=2.

HIEN et al. PHYSICAL REVIEW E 76, 021921 �2007�

021921-4



Note that our combined model works well for long DNA
sequences only. It is well known that the finite length effect
of DNA sequences is important, so that our present results
might not be applicable for a short chain of DNA, such as in
�12� with 27 base pairs and 21 base pairs sequences. The
influence of finiteness length effects of DNA sequences in
our model will be investigated in future work.

Finally, we show in Fig. 10 the dependence of kink ve-
locity on the driven force F for three values of temperatures:
�a� T=340 K, �b� T=335 K, and �c� T=330 K. The velocity
increases with increasing the driven force and more rapidly
at high temperature. The melting temperature could be con-
trolled by varying the external driven force F.

V. CONCLUSIONS

In this work we suggest a combined EPB model to de-
scribe the dynamics of DNA denaturation, which is based on

Englander’s model with parameters derived from the micro-
scopic PB model. Using this combined model �EPB model�
with the motion of bases in both x and y directions, we
investigated the temperature-dependence behaviors of the
nonlinear excitations in DNA. We also studied the depen-
dence of reasonable denaturation temperature on the cou-
pling constant of bases and the driving force. The tempera-
ture dependence of the kinks velocity and the length of
unpaired bases are shown and discussed.

This simple model could be applied to study other physi-
cal quantities of the E-model such as the effects of inhomo-
geneity arising from the genetic sequence and the influence
of temperature on the kink propagation. These are objects of
our future investigations.
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FIG. 9. The dependence of length L on the temperature T and
coupling constant k.
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FIG. 10. The dependence of kink velocity on the driven force F
with �=0.1, k=0.22 eV/nm2 for three values of temperature: �a�
T=340 K, �b� T=335 K, and �c� T=330 K.
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